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1. INTRODUCTION 
Coons patches are very useful in constructing a surface whose boundary is a given curved rect- 
angle C and they are uniquely determined. 
In this paper, we give a method of construction of variable surfaces with the boundary C. In the 
construction of Coons patches, ruled surfaces generated by combining with lines between opposite 
two curves are blended effectively. On the other hand, the new blended surfaces which we propose 
are generated by combining with Bezier curves having Bezier control points instead of lines. 
Therefore, if control points vary, generated surfaces move. Such surfaces with a fixed boundary 
are very useful in graphics and in solving the boundary value problem of partial differential 
equations. 
2. CONSTRUCTION OF EXTENDED BLENDED SURFACES 
The polynomial B,“(t) of degree n is defined by 
B;(t) = 1 P(l - t)“-“, 
0 
t E [O, II, (2.1) 
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where the binomial coefficients are given by 
(1 i 
n! 
n O<i<n, - 
= 
i 
i!(n - i)! ’ 
0, else. 
Forgivenn+lpointsba,br,...,b,inR 3, Bezier curve of degree n is defined by 
b”(t) = 5 b,B,“(t), 
j=O 
t E [O, 11, (2.2) 
where n + 1 points b, (j = 0, 1, , n) are called by Bezier control points [l]. The following is a 
useful identity called linear precision: 
5 ; B;(t) = t 
3=0 
(2.3) 
Let cl(u), a(u) (0 i u I I), dl(v), and d2(u) (0 < v 2 1) be four simple curves and their union 
be a curved rectangle C in R3. Then we put 
boo = cl(O) = dl(O), bmo = cl(l) = h(O): 
bon = c2(0) = dl(l), bmn = cz(l) = da(l), 
(2.4) 
which means that four curves (2.4) are connected. Moreover, we give (m - l)(n - 1) control 
points b,, (i = 1,2, , m - 1; j = 1: 2, , n - 1). Then we consider a surface br,“(u, vu), 
m n-l 
br,n(u>u) = q(u)B;(u) + c 1 b,,B,“(u)B,“(w) + ~(u)B;(w), 
t=o 2=1 
(2.5) 
which satisfies the following: 
bT’n(u, 0) = cl(u) and bF>“(u, 1) = Q(U). 
Moreover, we put 
m-l n 
bT)“(u, u) = dl(w)B,“(u) + x c btjB,“(u)B,“(w) + dz(u)&(u), 
ix1 j=o 
(2.6) 
which satisfies the relation 
bT,“(O, w) = dl(u) and bT’“(l,v) = d2(u). 
Let bzR(q w) be the Bezier surface 
bz”(u, w) = 2 2 bzjB,m(u)B,“(w). 
2=0 J=o 
(2.7) 
Thus, we can define the extended blended surface bm,n(u, U) by 
m n-l 
bm+(u,u) = q(u)B,n(w) + c c b,jB,“(u)B;(v) + q(u)B,n(v) 
z=o j=l 
m-l 72 
+dl(w)B,m(u) + c j&B,“(u)B,“(v) + dz(w)B,“(u) - F -j&,B:“WB;W 
(2.8) 
2=1 J=o z=o J=o 
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The following equations are valid. b”)” (O>u) = dl(w), bman(l,v) = dz(w), bm,n(u,O) = cl(u), 
bm,n(u, 1) = Q(U). Thus, b,,,( u, v IS a surface that interpolates the boundary C. ) 
3. APPROXIMATE SOLUTION OF 
BOUNDARY VALUE PROBLEM 
Let D be a domain in the xy-plane, and let 8D denote its boundary. Let z be a function of z 
and y in D. The equation 
f 
( 
dz a/? d2z d2Z a22 
x,y,z.--,--,---- - _ ax ay ax2'dxdy'dy2"" = > 
0 (3.1) 
is called a partial differential equation on D. For a given boundary function 4(x, y), the problem 
to find the .z which satisfies the equation (3.1) in D and the boundary condition 
4x1 Y) = 0. Y)% on 8D. (34 
is called the Dirichlet problem. 
In this section, we show how to solve the above problem, using the extended blended surface. 
The outline of our procedure to solve the Dirichlet problem is as follows. 
(1) Transformation from D and 4 to the unit square B and 4 on uv-plane by 
z = x(u, ,u) and Y = Y(%W). (3.3) 
(2) Construction of the extended blended surface on B U afi. 
(3) Making simultaneous equations with respect to control points b,, (1 < i 5 m - 1, 1 5 
j < n - 1) as unknowns, using the collocation method. 
(4) Solving the above equations by Newton method. 
(5) Transformation from D to D. 
The control points b,j = (cY,~, ptJ, rzj) of the extended blended surface b”!” should be treated 
as free parameters. But in order to avoid complication, we take i/m and j/n as LY,? and &. 
respectively, and retain only yIJ as free parameters, that is, 
We give boundary curves on 86 as follows. 
Cl(U) = (u, 0, &L: 0,) I cz(u) = (4 1, GLL: 1)) 2 
d,(v) = (O;v,&O:v)), dz(v) = (l.%&:~)) > 
and set 
(i=O,l,...,m), 
j 
bo3 =dl ; , 
0 
(j=O,l ) ,...,n. 
(3.5) 
(3.6) 
Then under the above conditions, the extended blended surface bm,” (u, U) is expressed as follows: 
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In fact, considering the z-component of (2.8), we have 
+ ( u - p B,“(u) - z B;(u)) (I - B,“(w) - B,“(w)) 
U, 
using the properties of B?(u), 
-&:‘L(u) = 1 
i=o 
and 5 i By(u) = U. 
a=0 
Similarly, we have y(~,v) = u and 
z(‘k w) = zc, (U)B;(w) + &a (u)B,“(w) + zdl (W)B,“(u) + zd2 (W)B,“(u) 
-~ooq(u)~,“(w) - ZOnBgm(U)B;(w) - z,oB,“(u)B,n(w) 
m-l n-l 
(3.7) 
(3.8) 
We transform (3.1) and (3.2) by x = z(u, w) and y = y(u, w) in (1) and have 
z(u, w) = iqu, w), on al?. (3.10) 
In order to obtain an approximate solution of the above boundary problem, substituting (3.8) 
into (3.9) we have the equation with (m - l)(n - 1) unknowns yzj 
h (21, vu, rzj) = 0. (3.11) 
Taking (m - l)(n - 1) co 11 ocation points (ui, wj) (i = 1,2,. ,m - 1; j = 1,2,. , n - 1) and 
substituting them into (3.11), we have (m - l)(n - 1) equations 
~k~YllrY12i”‘,Yln-l,Y21,“‘,Ym-l,n-1~ = 0, k = 1,2,. ) (m - l)(n - 1). (3.12) 
Solving (3.12) by Newton method, substituting solution yz3 into (3.8) and transforming by (3.3), 
we have the approximate solution of (3.1) [2]. 
4. MODELING OF MINIMAL SURFACE 
In this section, we apply the algorithm of the preceding section to model a minimal surface of 
Scherk. 
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Figure 1. Approximate surface nine collocatiorl pomts maximum error 0.0068L5242 
Figure 2. Mean curvature of the above surlaw 
Let p(u, U) be the expression of a surface 
p(u, U) = (X(2& ?I), y(,u. 7:). Z(U, u)), (UC) E D, 
and D a rectangle domain in w-plane. We put 
Pu = g = (&,(U, u),yu(u,u),z,(u, u)) 
and the inner products 
E=P,.P,: F = pu.pli = pv. pu> G = pu PC> 
and the unit normal of surface 
Pu x PI: 
n = IPU x PI>! ' 
where pU x pV is the outer product of pv and p?:. Where we set 
L = puu .n, Ad = pU,,, n. IV = pUl, n: 
the mean curvature is defined by 
H = EN + GL - 2FM 
2 (EG - F”) 
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Then the minimal surface p(u, w) is defined by 
EN$GL-2FM=O. (4.1) 
Therefore, the solution of (4.1) is the expression of minimal surface. The minimal surface of 
Scherk 
et cos x = cos y, (4.2) 
that is, 
cos y 
2 = log - 
cos 5 (4.3) 
is a concrete example of minimal surface [3,4]. 
We are going to make a modeling of minimal surface of Scherk on D = {(x, y) : - 5 z, y 5 l}. 
Four boundary curves are as follows: 
q(u) = 2u - 1, -1,log 
cos( -1) 
> 
cos 1 
cos(2u - 1) ’ > cos(2u - 1) ’ 
dr(u) = -1,2v - 1, log 
cos(27J - 1) 
> 
COS(2V - 1) 
cos(-1) ’ cos 1 > 
i (4.4) 
(0 < u,w 5 1). 
Approximate surface bm,n(u, U) satisfies the following equation at the collocation points: 
(b, bu)(bUta e) + (b, b,)(buu e) - 2(bu b,)(b,, e) = 0 (e = b, x b,). (4.5) 
We show the graphs of bm,n( U, 11 an ) d mean curvature, using a software of graphics MATHEMAT- 
ICA [5], and maximum error between b’“,” (u, U) and (4.3), taking 10,000 points. 
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